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Abstract-This paper illustrates the solution of elastodynamic load transfer problems involving a
cylindrical elastic bar partially embedded in a homogeneous isotropic elastic half space using a
solution scheme based on a coupled variational-boundary integral equation algorithm. The present
solution scheme has several advantages over conventional schemes based on the fictitious bar­
extended half space model when applied to solve elastodynamic load transfer problems. The analysis
ensures limited displacement compatibility and traction continuity along the true contact surface
between the bar and the half space. The solution scheme is based on an elastodynamic variational
principle and utilizes appropriate Green's function representations for the surrounding half space.
Selected numerical results for torsional and axial impedances of the bar-half space system are
presented and these are compared with those obtained previously on the basis of the fictitious bar­
extended half space model. In addition, the bar displacement and the bar stress resultant profiles
are presented for torsion and axial load transfer problems to portray the dependence of the load
diffusion on the governing parameters of the bar-half space system.

INTRODUCTION

The time-harmonic response of a long finite cylindrical elastic bar which is partially em­
bedded in a homogeneous isotropic elastic half space has been considered recently (Raja­
pakse and Shah, 1987a, b; Rajapakse et al., 1987) on the basis of the fictitious bar-extended
half space model originally proposed by Muki and Sternberg (1969, 1970) for the elastostatic
case. It was noted (Rajapakse and Shah, 1987a) that the elastostatic load transfer solution
schemes can be used for elastodynamic problems only for very low frequencies. A modified
solution scheme based on a non-uniform body force field acting on the extended half space
is presented (Rajapakse and Shah, 1987a, b) to study time-harmonic vibrations of a bar­
half space system over a wide range of frequencies. It was also observed (Rajapakse and
Shah, 1987a) that the impedance solutions of the bar-half space system show considerable
dependence on the location of the compatibility selected for the extended half space.

These observations and the inapplicability of the fictitious bar-extended half space
model to non-homogeneous and anisotropic media led to a novel solution scheme which is
based on a coupled variational-boundary integral equation formulation (Rajapakse, 1988).
The solution scheme (Rajapakse, 1988) is based on a decomposition involving a one­
dimensional elastic bar and an elastic half space with a cavity identical to the bar. In view
of this appropriate displacement compatibility and traction continuity can be achieved along
the true contact surface between the bar and the surrounding elastic medium. The main
objective of this paper is to illustrate the application of the coupled variational-boundary
integral equation solution scheme to elastodynamic load transfer problems by reconsidering
the torsional and axial load transfer problems. The advantages of the present scheme for
an elastodynamic problem when compared to a solution based on the fictitious bar-extended
half space model are given below.

(a) The compatibility of the major displacement and the continuity of traction are
achieved along the true contact surface and this is more realistic than treating fictitiQus
systems.

(b) The fictitious bar-extended half space model provides several options in selecting
a suitable compatibility condition between the extended half space and the fictitious bar.
In the case of elastodynamic problems it has been found (Rajapakse and Shah, 1987a) that
the impedance solutions of the bar-half space system show considerable dependence on the
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location of the compatibility selected in the analysis for the extended half space. In contrast,
the proposed coupled variational-boundary integral equation scheme is based on a unique
and real compatibility condition and results in a unique solution.

(c) The accurate treatment ofinertia terms is no longer a problem since the deformation
of a real bar is consistent and truly one-dimensional. Since the decomposition does not
involve an extended half space, inertia terms are properly quantified and incorporated into
the analysis.

(d) The case of an elastic bar with a mass density less than the surrounding half space
(e.g. wood piles) can be treated without any ambiguity. It should be mentioned here that
when the real bar mass density is less than that of the surrounding half space the use of the
fictitious bar-extended half space model results in a fictitious bar with a negative mass
density.

(e) Unlike in the case of the fictitious bar-extended half space model, the solution
obtained from the present scheme for the limiting case of a rigid bar corresponds to the
exact boundary-value problem associated with a rigid bar embedded in an elastic half space.

(f) The computation of the bar displacements and stress resultants becomes consistent,
simple and numerically efficient.

CYLINDRICAL ELASTIC BAR EMBEDDED IN A HALF SPACE

Consider the case of a cylindrical elastic bar of radius a (the entire problem is non­
dimensionalized by defining "a" as a unit length) and length h (h/a » 1) partially embedded
in an elastic half space. A cylindrical coordinate system (r, {}, z) is used in the analysis with
the z-axis identical to the centroidal axis of the cylinder and normal to the stress-free surface
of the half space. The Young's modulus and mass density of the bar are denoted by Eb

and Pb, respectively. The Young's modulus, Poisson's ratio and the mass density of the
surrounding half space are denoted by E, vand p, respectively. The motion is time harmonic
and the term eiw1 is suppressed in the sequel.

Following a previous study (Rajapakse, 1988), the bar-half space system is decom­
posed into an elastic half space B with a cylindrical cavity identical to the bar and the real
bar B. In the analysis Band B are treated using three- and one-dimensional continuum
theory, respectively. Note that a one-dimensional continuum model can be adopted for B
only at low frequencies of excitation. A rigorous solution for torsional dispersion relations
is given by Kleczewski and Parnes (1987) for the case ofan infinitely long elastic bar bOilded
to a surrounding elastic full space. These authors (Kelczewski and Parnes, 1987) also
compared numerical solutions for roots of the dispersion equation based on the three­
dimensional model with those based on a one-dimensional continuum model for the infi­
nitely long bar (Parnes, 1982) to establish the validity of the one-dimensional model for
low frequencies.

First consider the case where the bar is subjected to a time-harmonic torque To e iw1 at
z = O. The displacement in the (}-direction of bar B denoted by UOb can be expressed in the
admissible form

N

uOb(r,z, t) = L IXn(t)r e-(n-l)z/h
n~ 1

N

UOb (r, z,t) = L eXn(t)r e-(n-l)z/h
n= 1

(1)

(2)

where IX!> ... , IXn can be viewed as generalized coordinates and the superscript dot denotes
differentiation with respect to time.

Since the compatibility exists between Band B the displacement in the {}-direction on
the cylindrical cavity surface S of B is given by eqn (1). For an axisymmetric pure torsion
problem the only non-trivial displacement is in the {}-direction and on surface S only the
traction in the {}-direction is nonzero. The application of integral representation theorems
(Eringen and Suhubi, 1975) to B with respect to a set of nodal points on S leads to
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(3)

where {uo} and {To} denote column vectors, the elements of which are displacements and
tractions in the 8-direction at nodal locations on S. An explicit representation for [KJo is
yet to be determined.

Noting that

N

Uo = L anuon
n~ 1

where

Uon = r e-(n-I)zlh, (r,Z)ES

the traction To on S may be expressed as

N

To = L anTon
n~ I

where TOn denotes the traction on S of B corresponding to uongiven by eqn (4b).
In view of eqn (3)

The Lagrangian L of the bar B can be expressed as (Washishu, 1982)

(4a)

(4b)

(5)

(6)

(7)

In eqn (7), L b denotes the Lagrangian function (Washishu, 1982) of bar B and the
term involving the surface integral over S denotes the contribution due to traction To acting
on S.

In view of eqn (1), L b can be expressed as

where

N N

Lb = L L [dndmCmn -anamDmnJ
n~ 1 m~ I

(8)

and

Dmn = nJiba4(n-l)(m-1)(l-e-(m+n-2»)/[4h(n+m-2)], m+n -# 2 (10)

C
_ npba4h .

II - 4 ' D II = O. (11)

The substitution of eqns (3)-(6) and (8) in eqn (7) yields an expression for L which is
indeterminate with respect to the generalized coordinates an and dn (n = 1, ... , N). These
generalized coordinates are determined through the application of Lagrange's equation of
motion (Washishu, 1982) and this together with the fact that the motion is time harmonic
leads to the following equations of motion of B :
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where
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TOnj = TOn(rj,Zj), (rj,Z)ES,j= 1, ,M

UOnj = UOn(rj ,ZJ, (rj, Z) E S, j = 1, ,M

A j = tributary area of node j on S

(13a)

(Bb)

(Be)

and M is the total number of nodes used to discretize S.
The numerical solution of eqn (12) results in values for (Xi (i = 1, ... , N). The resultant

torque Tb(z) acting on the bar cross-section at a depth Z is given by

N

Tb(z) = f.lb J I (XnUeb(a, z) (14)
n=l

where

Ueb(a,z) =
dUob(a, z)

(15)
dz

and

J = na4 j2. (16)

Next, consider the case where the bar-half space system is subjected to an axial load
Po eiw

( at the top end of the bar. The bar displacement in the z-direction denoted by Uzb can be
represented in the following admissible one-dimensional form:

N

Uzb(Z, t) = I (Xn(t)(zjh)n-l.
n=l

(17)

Due to the different order of the continuum models employed for Band B exact
displacement compatibility along contact surface S cannot be achieved. It is proposed to
impose displacement compatibility only in the z-direction between Band B on contact
surface S. Therefore, the displacement in the z-direction at locations on S of Bis given by
eqn (17). In order to define a unique boundary-value problem for Bto determine traction
Tz on S due to the displacement field given by eqn (17) it is also necessary to define a proper
boundary condition on S in the r-direction, either in terms of displacement or traction.
Noting that for the case of a rigid bar (Eb -4 00) Ur == 0 on S, it is proposed to impose this
boundary condition on S. The other alternative is to take traction Tr == 0 on S but this
cannot be related to a realistic limiting case. Note that in this axisymmetric problem Uo == 0
in B.

Consider the boundary-value problem for Bwith the following displacement boundary
conditions on S:

uzn(r, z) = (zjhr- 1
, (r, z) E S

urn(r,z) =0, (r,z)ES.

(18a)

(18b)

Let Tzn(r, z) and Trn(r, z) denote tractions in the z- and r-directions on S corresponding
to the displacement field given by eqns (18). Using representation theorems (Eringen and
Suhubi, 1975) and a set of nodal points on S, the following relationship similar to eqn (3)
can be established:
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In view of eqn (l8b)

The Lagrangian L for the axial loading problem is given by

where

967

(19)

(20)

(2Ia)

and

N

Tz = L anTzn ;
n=l

N

Uz = L anuzn ;
n= 1

N

Ur = LanUm'
n~l

(2Ib)

(2Ic)

Note that in view of eqn (l8b) the second term of the surface integral in eqn (2Ia)
vanishes and Lb in eqn (2Ia) is given by eqn (8) with Cmn and Dmn defined as

na 2Pbh
C =..,..--,--------,--

mn 2(n+m- 1)

na 2Eb(n-I)(m-I)
Dmn = 2h(n+m-3) ,n+m l' 3

(22a)

(22b)

=0, n+m = 3.

The substitution of eqns (8), (17)-(20), (2Ib) and (2Ic) in eqn (2Ia) results in an
expression for the Lagrangian function L in terms of an and <in (n = I, ... , N). Thereafter
the application of Lagrange's equation of motion (Washishu, 1982) results in the following
equations of motion to determine an (n = I, ... , N) :

where

TZnj = Tzn(r j, zJ, (rj, Zj) E S, j = I, , M

uZnj = uzn(rj, Zj), (rj' Zj) E S, j = I, , M

bik = Kronecker's delta function.

(24a)

(24b)

(24c)

The resultant axial force Pb(z) acting on a bar cross-section at a depth Z is given by

N

Pb(z) = Ebna2 L an (n-I)(zjht- 2 jh.
n~ 1

(25)

EXPLICIT REPRESENTATIONS FOR [Kl8 AND [Klz

The derivation of the explicit representations for [K]e and [K]z that are necessary to
compute vectors {Ten} and {Tzn}, the elements of which appear in eqns (12) and (23), is
discussed in this section. The previous study (Rajapakse, 1988) demonstrates the application
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of the indirect boundary integral equation method proposed by Ohsaki (1973) to determine
the traction-displacement relationship along the surface of a cylindrical cavity created in
an elastic half space. In this method a uniform half space B* without a cavity is considered.
A surface Sf representing the true contact surface is also defined in B*. Interior to Sf, an
arbitrary surface S* with geometry similar to Sf is defined. Surfaces Sf and S* are discretized
into M and M* ring elements with one element of circular disc shape representing the base
level. A body force field 1:7 (i = () for the torsion problem; i = r, Z for the axial load
problem), is applied on S* such that the displacement in the i-direction on Sf is equal to
that given by eqns (4b) and (18) for torsion and axial load transfer problems, respectively.
It can be shown that (Ohsaki, 1973; Rajapakse, 1988)

where

m=p=q=()

for the torsion load transfer problem, and

m = z and p, q = r,z

for the axial load transfer problem.
The elements NfJ and GfJ of [NP'i) and [Gpq] are defined as

NfJ = Hpq(ri, Zi; rj, z1) dSj

GfJ = Gpq(ri' Zi; rj, zj) dSj

(26a)

(26b)

(26c)

(27a)

(27b)

In eqns (27), Hpq (ri, Zi; rj, z1) and Gpq (ril Zi; rj, zj) denote traction (on a plane with
unit normal n) and displacement in the p-direction, respectively, at point (ri , z;) E Sf due to
a time-harmonic ring load in the q-direction through point (rf, zf) E S* ; dSf, denotes the
tributary area of ring element} on S*. Note that Gpq (ri,zi;rf,zf) corresponding to torsion
and axial load transfer problems have been previously presented explicitly (Rajapakse et
al., 1987; Rajapakse and Shah, 1987a). Explicit representations for Hpq (ri,zi;rj,zj) can
be derived from Gpq (ri' Zi; rj, z1) using basic relationships in elasticity. The order of [NP'i)
and [Gpq] for the torsion problem is Mx M* and 2Mx 2M* for the axial load transfer
problem. In view of eqn (19), for the axial load transfer problem [Hpq] is set up in the
following format:

(28)

and [Gpq] also has a similar format.

DISCUSSION AND CONCLUSIONS

A numerical study was performed by varying the number of nodal locations (M and
M*) on Sf and S* and the number of terms (N) used in the displacement approximations
given by eqns (I) and (17) to determine the numerical stability and convergence of the
present solution scheme. It was found that for 0 ~ ao ~ 1.5 (where ao = aks and ks is the
shear wave number of the surrounding half space) solutions converge for N = 8 for most
bar lengths. For the case ofa bar with h/a = 10.0 and 0 ~ ao ~ 1.5 solutions converge when
M = 40 and M* = 25. It should be mentioned here that the use of a very large value for N
and an extremely fine discretization on Sf and S* may lead to numerical instability. Details
of the convergence and stability study are not presented here for brevity.

It is important to mention here that the main numerical effort in the solution scheme
is associated with the establishment of [KJe and [KJz given by eqn (26a). The evaluation of
[Npq] and [Gpq] involves the numerical integration of complex-valued infinite integrals
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involving products of Bessel functions. Proper attention should be paid to the singularities
and the oscillating nature of the integrand in the numerical integration scheme.

Table 1 presents a comparison of solutions for non-dimensionalized torsional im­
pedance, KT(KT = 3To/16p,a3<po, where <Po is the rotation of the bar at the top end) obtained
from the present scheme and those reported previously (Rajapakse et al., 1987) based on
the fictitious bar-extended half space model. The agreement between solutions obtained
from the two different schemes is very close. It should be mentioned here that by virtue of
the model considered (Rajapakse et al., 1987), the displacement in the domain of the
extended half space corresponding to the bar is not totally compatible with the one­
dimensional deformation of the fictitious bar. Therefore, with increasing ao inertia terms
cannot be properly accounted for and consequently the solution is distorted. The author
has studied displacement profiles of the extended half space and found that within the range
o~ ao ~ 1.5 the use of the fictitious bar-extended half space model yields results with
reasonable accuracy for the torsion problem. This fact is also confirmed by the numerical
results presented in Table 1.

Table 2 presents a comparison of solutions for axial impedance, Kv (Kv = P0/p,ado,
where do is the vertical displacement at the top end of the bar) obtained from the present
scheme with those of a previous study (Rajapakse and Shah, 1987a) by using the fictitious
bar-extended half space model with a non-uniform body force applied on the extended half
space. Solutions presented in Table 2 agree very closely confirming the accuracy of the
solution scheme proposed (Rajapakse and Shah, 1987a). Differences in numerical solutions
noted in Table 2 with increasing ao can be attributed to the fact that in the solution scheme
proposed previously (Rajapakse and Shah, 1987b) the compatibility between the fictitious
bar and the extended half space is imposed discretely within the domain of the extended
half space corresponding to the bar.

The comparison of numerical solutions for Kv presented in Table 2 with those presented
previously (Table 5 of the study by Rajapakse and Shah (1987a)) confirms the inaccuracy
of the elastodynamic solutions based on a uniform body force model with the displacement
compatibility imposed along the z-axis of the extended half space. Further comparisons of
Kv solutions (Rajapakse and Shah, 1987a) with those obtained in the present study indicate
that reasonably accurate solutions can be obtained by using the uniform body force model
provided the compatibility is imposed along the fictitious contact surface (r = a, 0 ~ z ~ h)
in the extended half space and the non-dimensionalized frequency of excitation is less than
0.5.

In the present solution scheme the bar displacement and stress resultant profiles can
be computed simply using eqns (1), (14), (17) and (25) when compared to more involved

Table I. Comparison of non-dimensionalized torsional impedance (Kr) for an elastic bar;
h/a = 10.0, Ii = 1.0, M = 40, M* = 25, N = 8, r* = 0.9

Kr = 3To/16p.a 3ljJo
j1 = 10 j1 = 100

ao Rajapakse et al. (1987) Present study Rajapakse et al. (1987) Present study

0.50 (2.61,0.11) (2.70,0.11) (7.89,0.59) (7.98,0.57)
1.00 (2.41,0.48) (2.45, 0.49) (7.30, 1.90) (7.40, 1.92)
1.50 (2.26, 0.95) (2.28, 0.97) (6.92, 3.47) (7.06, 3.45)

Table 2. Comparison of non-dimensionalized vertical impedance (J(,) for an elastic bar; h/a = 10.0, Ii = 1.0,
v = 0.25, M = 40, M* = 25, N = 8, r* = 0.9

J(, = p 0/p.aflo
ao = 0.4 ao = 1.0 ao = 1.5

Rajapakse and Rajapakse and Rajapakse and
E Shah (l987a) Present study Shah (1987a) Present study Shah (1987a) Present study

10 (14.35, 8.40) (14.36, 8.29) (16.04, 16.62) (15.56, 16.20) ( 15.01, 24.06) ( 13.89, 23.53)
50 (23.16,21.31) (23.20, 20.89) (25.82,49.14) (26.36, 49.26) ( 35.39, 74.21) ( .37.82, 73.77)

100 (24.06, 25.00) (24.68, 26.04) (17.92,61.90) (18.64, 63.46) ( 13.04, 104.4 ) ( 14.42, 107.8 )
1000 (24.31,32.81) (25.24,32.81) ( 2.61, 71.31) ( 1.94, 72.96) (-34.91, 107.2 ) (-37.34,109.7 )
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procedures required for solutions based on the fictitious bar-extended half space model
(Muki and Sternberg, 1970; Karasudhi et al., 1984). Figure 1 shows the variation of
the non-dimensionalized bar twist angle (fj(z) [(fj(z) = J-la2uOb(Z)/To] and the bar torque
Tb(z) [Tb(z) = Tb(z)/To] along the bar length with bar flexibility ratio ii (ii = J-lb/J-l), non­
dimensionalized frequency ao and mass density ratio p (p = Pb/P), It is noted that the real
part of (fj(z) shows considerable dependence onii but the imaginary component is less
affected by ii. Solutions for bar torque profiles indicate that both the real and imaginary
parts of Tb(z) have considerable dependence on ii. Solutions presented in Fig. 1(b) indicate
that the real and imaginary components of ¢(z) and the imaginary component of Tb(z)
depend significantly on ao. However, the real part of Tb(z) is found to have a negligible
variation with ao. The dependence of solutions on p is found to be similar to that for ao. It
is noted that if the bar is quite flexible (low ii) and ao is smaller (ao < 1.0), then p has a
negligible influence on solutions.

o
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Fig. 1. Bar rotation [<P"(z)] and torque [Tb(z)] profiles for torsion load transfer problem; h/a = 10.0,
N = 8, M = 40, M* = 25, r* = 0.9.



A note on the elastodynamic load transfer problem 971

.E= 10

AE=50

xE=1OO

Figures 2(a)-(c) show the variation of the non-dimensionalized vertical displacement
UZb(Z) [Uzb(Z) = jWUzb(Z)/PO] and the axial force Fb(z) [Fb(z) = Pb(z)/PO] along the bar length
with the bar flexibility ratio E (E = Eb/E), non-dimensionalized frequency ao, and mass
density ratio p. It is noted from Fig. 2(a) that both Uzb and Fb(z) have a significant dependence
on E and the most interesting feature is the reversal of the sign of the displacement profile.
A similar behaviour is noted in the bar force profile for very flexible bars. Figure 2(b)
indicates that with increasing ao bar displacement profiles change sign and such a reversal
of sign is also noted in bar force profiles near the base of the bar. Figure 2(c) shows that
an increase in the bar mass density results in a decrease in the real part of UZb and has a
negligible influence on the imaginary part of Uzb and bar force profiles. As p increases the
location on the bar where the real part of Uzb is zero moves upward making the change in
sign of Re (Uzb) more prominent.

An alternative formulation to the elastodynamic load transfer problem could be
obtained by coupling the traction-displacement relationships given by eqns (3) and (19)
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Fig. 2. Axial displacement [Uzb(Z)] and axial force [Pb(z)] profiles of bar for axial load transfer
problem; h/a = 10.0, v = 0.25, N = 8, M = 40, M* = 25, r* = 0.9.
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with a finite-difference version of an appropriate one-dimensional governing equation of
the bar. The finite-difference representation incorporated with relevant boundary conditions
results in a linear simultaneous equation for displacement at the nodal locations along the
bar length. However, in the author's opinion the coupled variational-boundary integral
equation solution scheme is more accurate than a coupled finite difference-boundary inte­
gral equation scheme since the bar displacement field is represented by a set of smooth and
continuous basis functions in the variational analysis. The use of a finite difference scheme
to represent the bar deformations requires the approximation of displacement derivatives
at every nodal point. In addition, bar stress resultant profiles are also computed using
additional finite-difference approximations and the resulting solutions may be less accurate.

As concluding remarks one states here that the elastodynamic axial and torsion load
transfer problems have been reconsidered on the basis of the solution algorithm proposed
previously (Rajapakse, 1988). The present scheme has several advantages over the con­
ventional fictitious bar--extended half space model and these are highlighted in the text. The
comparison of solutions for axial impedance confirms the inaccuracy of solutions based on
the fictitious bar~extended half space model with the displacement compatibility on the
extended half space imposed along the z-axis. The coupled variational-boundary integral
equation scheme presented in this study provides a consistent and accurate solution for
axisymmetric elastodynamic load transfer problems over a wide range of frequency of
excitation. The numerical solutions presented in the present study clearly demonstrate the
significance of the bar flexibility, frequency of excitation and mass density on the load
diffusion and impedance of the bar-half space system. In addition these numerical solutions
could provide the basis in determining the accuracy of the finite element and other approxi­
mate numerical solutions.
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